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Submitted by J. P. LaSalle 
Some results of Kelley [l] and Klaasen [2] on existence of solutions of two- 
point boundary value problems for nth order ordinary differential equations 
(n > 3) can be extended to other types of boundary conditions by the same 
method exploring solutions of some differential inequalities. 
A CLASS OF PROBLEMS 
We will study the boundary value problem which consists of the differential 
equation 
y(n) = f(t, y, y’,..., y@-1’) (1) 
and of the two-point boundary conditions 
y”“‘tdk) = ak , for k = 0, I,..., n - 3, 
yC”-2)(a) = an-s , 
/ 
(4, a 4 ,...> Lf, 
y(+2’(b) = bsdz, 
where d,=a or d,=b, k=O,l,..., n-3, aER, bER, a<b, a,ER, 
k = 0, l,..., n - 2, b,,-, E R, and thus we deal with 2”-2 different types of 
boundary conditions. 
We suppose that (1) function f: [a, b] x R” -+ R is continuous; (2) the 
following hypothesis is satisfied. H([a, b]): Let y be a solution of (1) with maximal 
interval of existence J. If y+-2) is bounded on J, then yt*-l) is bounded, on J. 
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the Corn&us University, Bratialava, Czechoslovakia. 
687 
OO22-247X/78/0633-O687$02.00/0 
Copyright 6 1978 by Academic Press, kc. 
All rights of rearoduction in mv form reserved. 
688 w.xA~ CVERCK~ 
DEFINITIONS 
Let u, v E Unl([u, b]), 
U’n-2’ < v’n-2’. 
The relations between derivatives of order n - 3, IZ - 4,..., 1, 0 of u and v are 
defined by induction according to the type (do ,..., de-,) of boundary conditions 
so that 
u'i-l' < &-1' if di = a and u(i) < v(i) 
or 
and 
if di = b and u(i) 3 v(i) 
+l' 3 v'i-l' if di = a and uti) > zAi) 
or 
and finally 
if di = b and zP) < v(i) 
lP’(t) >f(t, y,..., y’n-3’, u’“-2’(t), d-l)(t)), 
v(n)(t) <f(t, y,..., y’n-3’, v’n-2’(t), v’-(t)) 
for t E [a, b] and 
and 
lP’(t) < y’i’ < v’i’(t) if ieS 
where 
&‘(t) >, y’i’ 3 v(i)(t) if iE T, 
S := {i: i integer, 0 < i < 72 - 3, &) < 0), 
T := {i: i integer, 0 < i < fl - 3, uti) 3 &)}. 
Let us define for i E S 
j?‘“‘(t) : = S(lP’(t), y’i’, v’i’(t)) 
and for E E T 
jwt := 8(&‘(t), y(i), &‘(t)), 
where 8: {(x, y, Z) E R3 : x < Z} + R, 
Q, Y, 4 = z if x<z<y, 
=Y if x < y < z, 
X if y < x < z. 
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If j is integer such that j > max,,[,,bl(max{l zJn-l)(t)j, 1 ~‘“-~)(t)\}}, we define 
F(t, y,..., y’n-1’) := f(t, j(t),*.., p-3)(t), S(zP2’(t), y(+2’, d-(t)), y(“-1’) + 
S(0, y(n-2) - dn-2’(t), 1) - 6(0, ,(-2’(t) - Y(+~‘, l), Gj(t,y,...,y(n-l)) := 
F(t, y ,..., Y(+~), S(-j, yen-l), j)). 
LEMMAS 
Lemmas 3.1, 3.2, and 3.3 from [l] are valid with our definitions of U, v, F, 
G, without any change in their proofs. We only state them as Lemmas 1, 2, 3 
here for convenience. 
LEMMA 1. If f is bounded, then (l), (d,, ,..., dne3) has a solution. 
LEMMA 2. Let 2 be a closed subset of {a> x Rn and suppose H([a, b]) is 
satisjied. If ( yk)r is a sequence of solutions of yen) = fk(t, y,..., y+-l)) with initial 
points in 2 such that (yf))& is uniformly bounded on [a, b] for i == O,..., n - 2, 
where fk’s are continuous functions on [a, b] x Rn which converge uniformly to f 
on compact subsets, then there is a solution y of (1) on [a, b] and a subsequence of 
(y&’ which converges to y uniformly on [a, b]. 
LEMMA 3. Suppose u and v are as described above and suppose y is a solution of 
yen) = F(t, y,..., y’“-I’) (2) 
or 
yen’ = Gj(t, y,..,, ~‘“-1’) (31.i 
on some interval I C [a, b]. Let s1 , s2 E I with s1 < s2 and suppose u(“-s)(sa) < 
Y(“-~)(s,) < ~(“-~)(si). If Y(+~)(s~) > v(“-~)(s~), then y(n-2)(t) > vtn-2)(t) for 
t E I n [s2 , b], and if Y(~-~)(s~) < u(~-~)(s~), then y(n-2)(t) < u(+s)(t) for 
tE:In [s2, b]. 
THEOREMS 
The next theorem is a generalization of Theorem 3.1 in [l] and also a generali- 
zation of Theorem 7 in [2]. 
THEOREM 1. Let u and v be as given above and let a, ,..., an+ , b,-, be real 
numbers satisfyinp 
OY 
O(d,) < ai < &)(d,) in thecase iES 
zP)(d,) 3 ai > v(Q(d,) in the case i E T, 
u(n-2)(b) < b,-, < v(n-2)(b). 
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Assume hypothesis H([a, 61) is sak$ed. Then (I), (d,, ,..., d+J has a solutk y such 
that 
Ulnl <yci’ << z,(il fw i E S U {n - 2> 
u(i) 3 y(z) 2 z;(i) f OY i E T. 
Proof. The boundary value problem (3), , (d,, ,..., dn-J has a solution yj for 
each value ofj by Lemma 1, which, by Lemma 3, satisfies utne2) < yyW2’ < v(~-~) 
By successive integration with respect to given hypotheses we obtain zP) < 
yy) ,< v(i) for i E S and zJi) > ~7) > &) for i E T. 
The sequence (G,)Tzl converges uniformly to F on compact subsets of 
[a, b] x Rn, and F equalsf for t E [a, b] and z@(t) \<yci) < v@)(t) if i E S and 
u(i)(t) > y(i) 3 di)(t) if i E T. By Lemma 2 there is a subsequence of (y& 
converging uniformly to a solution y of (1) on [a, b] and zP) < yci) < v(i) if 
iESu{n - 2)andu (i) > y(i) > v(i) if i E T. The function y obviously satisfies 
the boundary conditions (d, ,..., d+J and thus y is a solution of the given 
problem. 
THEOREM 2. Let us suppose that all conditions of Theorem 1 are satisjied except 
that the dejinition of u and v is mod$ied as follows: 
u(n)(t) 3 f (t, u(t),..., u(fl-l’(t)) for t E [a, b] 
zP)(t) <f (t, v(t),..., v (-l’(t)) for t E [a, b] 
and f is nonincreasing in the (i + 1)st argument for i E S and nondecreasing in the 
(i + l)st argument f or i E T. Then the conclusion of Theorem 1 is true. 
Proof. Iff, u, v satisfy these hypotheses, they satisfy all hypotheses of Theorem 
1 and thus we may repeat the proof of Theorem 1. 
Note. The hypothesis *([a, b]) is implied by the hypothesis H,, : “The 
solutions of (1) extend to [a, b] or become unbounded.” This is used in [2]. 
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